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Nomenclature
a; b = undetermined coef� cients in Eq. (6)
a1–a6 = functions de� ned in Eq. (8)
E = Young’s modulus
I = area moment of inertia
k = stiffness of the rotational spring
L = length of the column
P = end-concentratedaxial load
Pcr = critical P
q = uniformly distributed axial load
qcr = critical q
W = lateral displacementdistribution
w = nondimensional lateral displacement, W=L
® = ¸q =¸q cr

®1–®3 = undetermined coef� cients in Eq. (2)
¯ = ¸P=¸p cr

° = rotational spring stiffness parameter, kL=EI
¸p = concentrated axial load parameter, PL2=EI
¸q = uniformly distributed axial load parameter, qL3=EI
¸p cr = critical ¸ p

¸q cr = critical ¸q

» = nondimensional axial coordinate x; x=L
0 = differentiationwith respect to »

Introduction

T HE upper stage of solid motor rockets and missiles is a highly
optimized structure required to be designed to achieve higher

payload capability. The fore end of this stage is connected to the
payload througha payloadadaptor, and the aft end is connectedto a
relatively stiffer stage through interstage structure that is � exible in
rotation. In service condition, the rockets and missiles are subjected
to very high axial acceleration. Because of this and the mass of
the payload and payload adaptor, the fore end of the upper stage is
subjected to a high axial compressive concentratedload. The upper
stage is also subjected to a uniformly distributed axial compressive
load due to its own inertia. As such, the upper stage can be idealized
as a uniformcantilevercolumn simultaneouslysubjected to an axial
compressive concentrated load at the free end and a uniformly dis-
tributed axial compressive load along the length of the column, the
two loads being mutually independent and acting simultaneously.
The aft end of the column, where rotation is allowed, can be mod-
eled as a spring-hinged end because of the rotational � exibility of
the interstage structure with the lateral displacement constrained.
Thus, the analytical model turns out to be a three-parameter prob-
lem, and it is often necessary to obtain the stability behaviorof such
columns to assess their structural integrity.

Even though the versatile � nite element method1 (FEM) can be
effectivelyused to solve thisproblem, it becomes laboriousand time
consuming because of the parametric study involved with three pa-
rameters. Hence, development of an accurate closed-form solution
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is very attractive and is attempted in the present Note, using the
technique followed by Elishakoff,2 to simulate the rotational elas-
tic restraint at the spring-hingedend. The Rayleigh–Ritz method is
employed to obtain the solution. The method is validated indepen-
dently for a concentrated compressive load at the free end and for
a uniform axial compressive load along the length of the column
with rotational elastic restraint at the other end, by comparison of
the present results with those obtained by the use of the FEM. The
effect of the combined loads with elastic restraint is studied, and the
numerical results are presented in a user-friendly form.

Energy Formulation
Consider a spring-hingedcantilever column subjected to a com-

pressiveconcentratedload P at the free end and a uniformcompres-
sive load q per unit length acting along the length of the column,
as shown in Fig. 1. To obtain buckling critical values of P and q,
when applied in combination, the following is proposed.

The total potential energy of the column is given by
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Following Elishakoff,2 the lateral displacement distribution is
assumed as

w D ®1» C ®2»
2 C ®3»

3 (2)

Equation (2) satis� es the boundary condition

w.o/ D 0 (3)

The spring-hingedcondition is

.EI=L/w00.o/ D kw0.o/ (4)

Fig. 1 Spring-hinged cantilever column subjected to combined end-
concentrated and uniformly distributed axial compressive loads.

From Eqs. (2) and (4), we get

®1 D .2=° /®2 (5)

Hence, the admissible displacementdistributionw for this problem
becomes

w D a[.2=° /» C » 2] C b» 3 (6)

SubstitutingEq. (6) in Eq. (1), takingvariationwith respect to a and
b, equating them to zero and eliminating a and b (which is a stan-
dard Rayleigh–Ritz procedure and, hence, the detailed algebra is
not given here), we get the � nal equation governing ¸p and ¸q as

a1¸
2
p ¡ a2¸p C a3¸

2
q ¡ a4¸q C a5¸p¸q C a6 D 0 (7)

where

a1 D 3=5 C 24=5° C 64=5° 2

a2 D 104=5 C 624=5° C 192=° 2

a3 D 1=25 C 2=5° C 7=5° 2

a4 D 32=5 C 224=5° C 96=° 2

a5 D 2=5 C 18=5° C 56=5° 2

a6 D 48 C 192=° (8)

For a given ° , Eq. (7) can be solved to obtain ¸ p cr if ¸q D 0 .q D 0/
or, if ¸p D 0 .P D 0/, then ¸q cr can be obtained. If both mutually
independent P and q are present, the equation for a given ° can be
solved for ¸p by assuming for ¸q .¸q D ®¸q cr , 0 < ® < 1/, a value
that is a fraction of ¸q cr.

Numerical Results and Discussion
Figure 1 shows a uniform spring-hinged cantilever column sub-

jected to a combined axial end load and an axial uniformly dis-
tributed load q per unit length. Based on the formulation presented
in the preceding section, the combination of P and q at which the
columnbucklesis evaluatedforvariousrotationalspringstiffnesses.

Because the admissible functions for use in the Rayleigh–Ritz
method are derived followingElishakoff,2 it is necessary to validate
the formulationby comparingthe present resultswith publishedval-
ues that are obtained by another method. This is done separately for
an axial end load and axial uniformly distributed load for different
rotational spring constants k.

Table 1 gives the critical load parameters ¸p cr and ¸q cr obtained
independently by the present formulation for several values of the
rotational spring stiffness parameter ° . A � nite element solution
with 16 equal length � nite elements, which gives an accurate result
up to four signi� cant � gures, is obtained for the stability problem
of spring-hinged cantilever columns subjected to an axial end load
and an axial uniformly distributed load independently for several
values of ° . It is seen from Table 1 that the present results agree

Table 1 Critical load parameter ¸p cr and ¸q cr values for a
spring-hinged cantilever column subjected to independent loads

Tip concentrated load Uniform distributed load

° Present study FEM Present study FEM

1 0.7405 0.7402 1.665 1.654
10 2.054 2.043 5.957 5.918
100 2.437 2.421 7.657 7.608
500 2.476 2.459 7.842 7.793
1,000 2.481 2.464 7.865 7.816
10,000 2.485 2.469 7.887 7.840
1011 (! 1) 2.486 2.469 7.890 7.840
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Table 2 Critical combination of the load parameters ¸p and ¸q of a
spring-hinged cantilever column

° ¸p cr ¸q cr ®.¸q=¸q cr/ ¸p ¯.¸p=¸p cr/ ® C ¯

1.0 0.7405 1.665 0.2 0.5942 0.8025 1.002
1.0 0.7405 1.665 0.4 0.4471 0.6038 1.004
1.0 0.7405 1.665 0.6 0.2990 0.4038 1.004
1.0 0.7405 1.665 0.8 0.1500 0.2025 1.002
10 2.054 5.957 0.2 1.655 0.8058 1.006
10 2.054 5.957 0.4 1.250 0.6087 1.009
10 2.054 5.957 0.6 0.8394 0.4087 1.009
10 2.054 5.957 0.8 0.4227 0.2058 1.006
100 2.437 7.657 0.2 1.9640 0.8060 1.006
100 2.437 7.657 0.4 1.4840 0.6090 1.009
100 2.437 7.657 0.6 0.9966 0.4090 1.009
100 2.437 7.657 0.8 0.5020 0.2060 1.006

very well with those obtained from the FEM for all values of the ro-
tationalspring stiffnessparameter° varyingfrom 1 to 1011 (! 1),
the maximum error being around 0.7% for the value of ° D 1011.
Also note that the stability parameters obtained by the FEM
are in excellent agreement with those given by Timoshenko and
Gere.3

For the combined loading, the combination values of ¸p and ¸q

for which the spring-hinged column buckles are given in Table 2,
for ° D 1, 10, and 100. Note that, for the combined loading, the
sum of ¸ p=¸ p cr and ¸q =¸q cr is almost equal to 1.0, with the nonzero
term being in the fourth signi� cant � gure. The authors have ver-
i� ed this for all of the values of ° considered in Table 1. It is
believed that this small difference from unity in the fourth signif-
icant � gure is due to the numerical approximation involved in the
present computations.Hence, we can generalize this observationas
follows.

Irrespectiveof the rotational spring stiffness, for a spring-hinged
cantilever column subjected to combined axial concentrated end
load and uniformly distributed load, we can take

¸p=¸p cr C ¸q =¸q cr D 1 (9)

effectively for design purposes. Equation (9) is valid for any mu-
tually independent and simultaneously acting axial compressive
concentrated load and uniformaly distributed axial compressive
load.

Conclusions
The stability behavior of a spring-hingedcantilever column sub-

jected to mutually independent and simultaneously acting end-
compressive and uniformly distributed axial loads is studied in this
Note by use of the Rayleigh–Ritz method. The novelty of this study
is choosingproper admissible functions to satisfy the spring-hinged
boundary condition. Closed-form expressions are obtained for the
combination of loads for which the column buckles. The method
is validated by comparing the present results with those obtained
by the FEM for the cases of independent loads. Finally, a simple,
elegant design formula for the combined loading is given based on
the numerical results obtained. It is expected that it will be useful
for aerospace engineers in particular, and structural engineers, in
general.
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Introduction

S UBSTANTIAL theoretical, experimental, and computational
researchhas focusedon the characteristicsof leading-edgevor-

ticesandvortexbreakdown.1¡8 However, limited effortshavesought
to understand the separating shear layers that roll up to form the
leading-edge vortices. Various researchers have observed discrete
vortical substructuresin the shear layers, and the resultingdata have
takenon two contrastingdescriptions:temporal substructures(rotat-
ing aroundthe leading-edgevortex)9¡11 and spatiallystationarysub-
structures (spatially � xed around the periphery of the leading-edge
vortex).12¡19 Additionally,many of these researchershave hypothe-
sized about the type of instability that results in the formation of the
vortical substructures. None of these hypotheses has been univer-
sally accepted or proven. The most popular hypothesis9;11;13;14;17;18

proposes that the substructures develop in a manner similar to the
Kelvin–Helmholtz20 instability or that of a two-dimensional shear-
layer instability described by Ho and Huerre.21 Another hypothesis
suggests that the substructuresoriginate from transversal perturba-
tions along the leading edge of the wing induced by the interaction
between the separating shear layer and the secondary vortices.10;19

Washburn and Visser16 suggested the substructures are generated
by nonviscous instabilities in the shear layer and that their forma-
tion is governed by transverse � ow of the leading-edge vortices.
Yet another hypothesis postulates that a longitudinal instability as-
sociated with the curvature of the separating shear layer is at the
origin of the substructures.17 Some experimentally based hypothe-
ses indicate that the instabilities are generated by the presence of
small-amplitude surface waves in the water tunnel10 or are associ-
ated with vibrations in a wind tunnel.14

Recentadvancesin nonintrusiveexperimentalmeasurementtech-
niques have enabled more detailed analysis of the vortical � ow� eld
and the separating shear layers forming the leading-edge vortices
around a delta wing. Three-dimensional laser Doppler velocime-
try (LDV) � ow� eld measurements were acquired in ONERA’s
1.4 £ 1.8 m subsonic wind tunnel around a sharp-edged delta wing
model.22¡24 These novel results provide new insight into the phe-
nomenon through precisely measured details of the characteristics
and pathof thevorticalsubstructuresaroundthe leading-edgevortex
core.

Model and Wind Tunnel
The delta wing model has a 70-deg sweep angle and root chord

c of 950 mm. It has a wingspan of 691.5 mm at its trailing edge, is
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